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In this thesis, we study the solutions of:
a) non-linear ordinary difference equations in the Banach space

`1
N = {f(n) : N→ C/

∞∑
n=1

|f(n)| < +∞},

b) linear and non-linear partial difference equations of two variables in the
Hilbert space

`2
N×N = {u(i, j) : N× N→ C/

∞∑
i=1

∞∑
j=1

|u(i, j)|2 < +∞}

and the Banach space

`1
N×N = {u(i, j) : N× N→ C/

∞∑
i=1

∞∑
j=1

|u(i, j)| < +∞},

respectively,
c) linear and non-linear partial difference equations of three variables in
the Hilbert space

`2
N3 = {u(i, j, k) : N3 → C/

∞∑
i=1

∞∑
j=1

∞∑

k=1

|u(i, j, k)|2 < +∞}

and the Banach space

`1
N3 = {u(i, j, k) : N3 → C/

∞∑
i=1

∞∑
j=1

∞∑

k=1

|u(i, j, k)| < +∞},

respectively and
d) non-linear partial difference equations of four variables in the Hilbert
space

`1
N4 = {u(i, j, k, l) : N4 → C/

∞∑
i=1

∞∑
j=1

∞∑

k=1

∞∑

l=1

|u(i, j, k, l)| < +∞}.
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For the study of ordinary difference equations we use a functional-analytic
method, introduced by E. K. Ifantis in [E. K. Ifantis, On the convergence of
power-series whose coefficients satisfy a Poincaré type linear and nonlinear
difference equation, Complex Variables, 9 (1987), 63-80.], but we extend
his method so as to include non-homogeneous terms and more general non-
linear terms. For the study of partial difference equations of p variables
(p ∈ N, p ≥ 2), we introduce a new functional-analytic method. In both
cases, the functional-analytic method which we use, enables us to transform
the difference equation under consideration, equivalently, into an operator
equation in an abstract separable Hilbert space H or an abstract Banach
space H1.

More precisely, we give necessary conditions, regarding the non-homoge-
neous term, the parameters and the non-linear terms, so as the following
general class of non-linear ordinary difference equation:

f(n + m) +
m∑

p=1

(αp + βp(n))f(n + m− p) = g(n) +
∞∑

s=2

cs(n)[f(n + q)]s+

+
N∑

i=1

∞∑

k=1

dik(n)[f(n + qi1)f(n + qi2)]
k+

+
Λ∑

t=1

∞∑

k=1

btk(n)[f(n + qt3)f(n + qt4)f(n + qt5)]
k+

+
M∑

j=1

∞∑

k=1

ljk(n)[Ajf(n + qj6) + Bjf(n + qj7)]
kf(n + qj8), (1)

together with complex initial conditions, to have a unique solution in the
Banach space `1N. Moreover, we give a bound of the solution and a region,
depending on the initial conditions, the non-homogeneous term and the pa-
rameters of the equation, where this solution holds. This region can be con-
sidered as a region of attraction for the zero equilibrium point of (1), because
the predicted solution belongs to `1N and thus it will tend to zero, as n tends
to infinity. Thus we obtain information regarding the asymptotic behavior of
the solutions of (1). Also, if % is a non-zero equilibrium point of (1), it can be
proved by using the transformation f(n) = F (n) + %, that under appropri-
ate conditions, equation (1) has a unique solution in `1N + {%}. Some known
non-linear ordinary difference equations, some of which appear in problems
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of population dynamics, are studied as particular cases of (1). However, one
of them cannot be studied as a particular case of (1) and thus we adjust our
method appropriately, so as to study also this difference equation.

Also, we give necessary conditions, regarding the non-homogeneous term
and the parameters, so as the following general class of linear partial differ-
ence equation of two variables:

u(i, j+1) = p(i, j)+
N∑

n=1

αn(i, j)u(i−σn1, j−τn1)+
M∑

m=1

bm(i, j)u(i+σm2, j+τm2)

(2)
together with complex initial conditions, to have a unique solution in the
Hilbert space `2N×N. Moreover, we give a bound of the solution. Since the
predicted solution belongs to `2N×N, it will tend to zero, as i, j tend to infinity.
Thus we obtain information regarding the asymptotic behavior of the solu-
tions of (2). Some known linear partial difference equations of two variables,
most of which appear in problems of physics, population dynamics and nu-
merical schemes, are studied as particular cases of (2). However, one of them
cannot be studied as a particular case of (2) and thus we adjust our method
appropriately, so as to study also this difference equation.

We also give necessary conditions, regarding the non-homogeneous term,
the parameters and the non-linear terms, so as the following general class of
non-linear partial difference equation of two variables:

N∑
n=1

αn(i, j)u(i− σn1, j − τn1) +
M∑

m=1

bm(i, j)u(i + σm2, j + τm2)+

+
K∑

k=1

ck(i, j)u(i− σk3, j + τk3) +
Λ∑

l=1

dl(i, j)u(i + σl4, j − τl4) = p(i, j)+

+
∞∑

s=2

fs(i, j)[u(i+σ, j+τ)]s+
T∑

t=1

qt(i, j)u(i+σt5, j+τt5)u(i+σt6, j+τt6), (3)

together with complex initial conditions, to have a unique solution in the
Banach space `1N×N. Moreover, we give a bound of the solution and a region,
depending on the initial conditions, the non-homogeneous term and the pa-
rameters of the equation, where this solution holds. Since the predicted
solution belongs to `1N×N, it will tend to zero, as i, j tend to infinity. Thus we
obtain information regarding the asymptotic behavior of the solutions of (3).
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Some known non-linear partial difference equations of two variables, most of
which appear in problems of population dynamics and numerical schemes,
are studied as particular cases of (3). However, some of them cannot be stud-
ied as a particular case of (3) and thus we adjust our method appropriately,
so as to study also these difference equations.

Finally, we study a linear partial difference equation of three variables
that appear in a problem of physics, a non-linear partial difference equation
of three variables that appear in a problem of numerical schemes and, a non-
linear partial difference equation of four variables that appear in a problem
of game theory. For each one of them, we prove that, under appropriate nec-
essary conditions, they have a unique solution in the spaces `2

N3 , `1
N3 and `1

N4 ,
respectively. Also for these non-linear partial difference equations, we give a
region, depending on the initial conditions (which are considered in general
complex), the non-homogeneous term and the parameters of the equations,
where the predicted solution holds.
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